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UNIQUENESS AND EXAMPLES OF COMPACT TORIC
SASAKI-EINSTEIN METRICS
KOJI CHO, AKITO FUTAKI, AND HAJIME ONO
Abstract. In [11] it was proved that, given a compact toric Sasaki mani-
fold with positive basic first Chern class and trivial first Chern class of the
contact bundle, one can find a deformed Sasaki structure on which a Sasaki-
Einstein metric exists. In the present paper we first prove the uniqueness of
such Einstein metrics on compact toric Sasaki manifolds modulo the action
of the identity component of the automorphism group for the transverse holo-
morphic structure, and secondly remark that the result of [11] implies the
existence of compatible Einstein metrics on all compact Sasaki manifolds ob-
tained from the toric diagrams with any height, or equivalently on all compact
toric Sasaki manifolds whose cones have flat canonical bundle. We further
show that there exists an infinite family of inequivalent toric Sasaki-Einstein
metrics on S5♯k(S2 × S3) for each positive integer k.
1. Introduction
In [11] the existence of an Einstein metric is proved on a compact toric Sasaki
manifold with positive basic first Chern class and trivial first Chern class of the
contact bundle D; These two conditions will be denoted by cB1 > 0 and c1(D) = 0.
The purposes of the present paper is firstly to prove the uniqueness of Sasaki-
Einstein metrics up to a connected Lie group action and secondly to clarify the
meaning of the assumptions cB1 > and c1(D) = 0 in relation with toric diagrams.
A Sasaki manifold is a Riemannian manifold (S, g) whose cone manifold (C(S), g)
with C(S) ∼= S×R+ and g = dr2+r2g is Ka¨hler where r is the standard coordinate
on R+. From this definition S is odd-dimensional and we put dimS = 2m+1, and
thus dimC(S) = m + 1. A Sasaki manifold (S, g) is said to be toric if the Ka¨hler
cone manifold C(S) is toric, namely (m+1)-dimensional torus G acts on (C(S), g)
effectively as holomorphic isometries. Note that C(S) does not contain the apex.
Then S is a contact manifold with the contact form
η = (i(∂ − ∂) log r)|r=1
where S is identified with the submanifold {r = 1} ⊂ C(S), and has the Reeb
vector field ξ with the defining properties
i(ξ)η = 1 and i(ξ)dη = 0
where i(ξ) denotes the inner product. The Reeb field ξ is a Killing vector field on
S and also lifts to a Killing vector field on C(S), and thus ξ is contained in the Lie
algebra g of G since G already has the maximal dimension of possible torus actions
on C(S).
Date: November 13, 2006 .
1991 Mathematics Subject Classification. Primary 53C55, Secondary 53C21, 55N91 .
Key words and phrases. Sasaki manifold, Einstein metric, toric diagram.
1
The Reeb vector field ξ generates a 1-dimensional foliation, called the Reeb
foliation, on S. Since ξ naturally lifts to a holomorphic vector field on C(S) in the
form ξ − iJξ with ξ = J(r ∂∂r ) the Reeb foliation shares common local leaf spaces
with the holomorphic flow generated by ξ− iJξ on C(S). Thus the local leaf spaces
give the Reeb foliation a transverse holomorphic structure. The contact structure
of S determines a Ka¨hler structure on the transverse holomorphic structure, which
we call the transverse Ka¨hler structure.
Recall that a smooth differential form α on S is basic if
i(ξ)α = 0 and Lξα = 0
where Lξ denotes the Lie derivative by ξ. The basic forms are preserved by the
exterior derivative d which decomposes into d = ∂B + ∂B, and we can define ba-
sic cohomology groups and basic Dolbealt cohomology groups. We also have the
transverse Chern-Weil theory and can define basic Chern classes for complex vec-
tor bundles with basic transition functions. The Sasaki manifold is said to have
positive basic first Chern class if the first Chern class of the normal bundle of the
Reeb foliation is represented by a positive basic (1, 1)-form; as mentioned above
this condition is denoted by cB1 > 0. This is a necessary condition for the exis-
tence of Sasaki-Einstein metric or equivalently the existence of positive transverse
Ka¨hler-Einstein metric. There is another necessary condition c1(D) = 0 as a de
Rham cohomology class where D = Ker η is the toric bundle. Coversely if cB1 > 0
and c1(D) = 0 then c
B
1 = τ [dη] for some positive constant τ . See Proposition 4.3
in [11] for more details. Given a Sasaki manifold (S, g), we say that another Sasaki
metric g′ is compatible with the Sasaki structure of (S, g) if g and g′ have the same
Reeb vector field and thus define the same transverse holomorphic structure.
The automorphism group of the the transverse holomorphic structure is the
group of all biholomorphic automorphisms of C(S) which commute with the holo-
morphic flow generated by ξ − iJξ. Such automorphisms descend to an action on
S preserving the transverse holomorphic holomorphic structure of the Reeb foli-
ation, see section 2 for more detail. In this paper we first prove the uniqueness
theorem of compatible Sasaki-Einstein metrics modulo connected group actions of
automorphisms for the transverse holomorphic structure.
Theorem 1.1. Let (S, g) be a compact toric Sasaki manifold with cB1 > 0 and
c1(D) = 0. Then the identity component of the automorphism group for the trans-
verse holomorphic structure acts transitively on the space of all Sasaki-Einstein
metrics compatible with g.
In order to make clear which Sasaki manifolds the result of [11] applies to, we
wish to explain the conditions cB1 > 0 and c1(D) = 0. Since a three dimensional
Einstein manifold of positive scalar curvature is finitely covered by the standard
three sphere we may restrict ourselves to the case when the dimension of S is bigger
than or equal to five.
Theorem 1.2. Let S be a compact toric Sasaki manifold with dimS ≥ 5. Then
the following three conditions are equivalent.
(a) cB1 > 0 and c1(D) = 0.
(b) The Sasaki manifold S is obtained from a toric diagram with height ℓ for
some positive integer ℓ defined by λ1, · · · , λd ∈ g and γ ∈ g∗ (c.f. Definition
2
3.1 and 3.2) and the Reeb field ξ ∈ g satisfies
〈γ, ξ〉 = −m− 1 and 〈y, ξ〉 > 0 for all y ∈ C
where C = {y ∈ g∗|〈y, λj〉 ≥ 0, j = 1, · · · , d}.
(c) For some positive integer ℓ, the ℓ-th power K⊗ℓC(S) of the canonical line bundle
KC(S) is trivial.
Remark 1.3. We denote by C(S) the the closure of the cone C(S), that is C(S)
plus the apex, and consider it as an affine toric variety. It is a known fact that
the condition of toric diagram with height ℓ is equivalent to the apex being a Q-
Gorenstein singularity, that is the ℓ-th power K⊗ℓ
C(S)
of the canonical sheaf KC(S) is
invertible, see [2].
In the literature there are toric Sasaki manifolds denoted by Y p,q ([12], [19]),
Lp,q,r ([9], [19]), Xp,q ([14]) and Zp,q ([24], [3]) which are constructed from toric
diagrams with height 1. They are all of positive basic first Chern class by Theorem
1.2, and thus admit a Sasaki-Einstein metric by [11]. Combining the existence
result of [11] with Theorem 1.1 and Theorem 1.2 we get the following corollary.
Corollary 1.4. Given a toric diagram, there is a unique Sasaki structure whose
cone is the one obtained from the toric diagram by Delzant construction and on
which there exist compatible Einstein metrics. Moreover the identity component of
the automorphism group of the transverse holomorphic structure acts transitively
on the set of all compatible Einstein metrics.
Thus the Sasaki-Einstein metrics constructed in [11] on Y p,q coincide with those
which have been known in the literature [12], [19].
Using diagrams we show that compact connected toric Sasaki manifolds associ-
ated with toric diagrams of height bigger than 1 are not simply connected and that
the converse is not true by giving an example. We will also show the following.
Theorem 1.5. For each positive integer k there exists an infinite family of inequiv-
alent toric Sasaki-Einstein metrics on the k-fold connected sum S5♯k(S2 × S3) of
S2 × S3 with S5.
The existence of (possibly non-toric) Sasaki-Einstein metrics on S5♯k(S2 × S3)
has been known by the works of Boyer, Galicki, Nakamaye and Kolla´r ([5], [4],
[15]), and that the existence of toric Sasaki-Einstein metrics for all odd k’s has
been known by van Coevering ([26]). Hence our result is new in that we obtain
toric constructions for all even k’s. Moreover most of our examples should be
irregular while the previous ones are all quasi-regular.
We are grateful to Charles Boyer for pointing out our careless statement of the
results without the condition c1(D) = 0 in the first version of the paper.
2. Uniqueness of compatible Sasaki-Einstein metrics
In Ka¨hler geometry a well known method of proving uniqueness of constant
scalar curvature metrics is to use geodesics on the space of all Ka¨hler metrics in
a fixed Ka¨hler class ([18], [10], [8]). This idea becomes substantially simpler when
the Ka¨hler manifold under consideration is toric because the geodesic becomes a
line segment expressed by the symplectic potentials ([13]). To prove Theorem 1.1
we wish to use the same idea, but have to consider geodesics both on the space of
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transverse Ka¨hler metrics on S and on the space of Ka¨hler metrics on C(S). We
therefore give an outline of the idea in the case of compact Ka¨hler manifolds first
and then explain how we modify it in the Sasakian case.
Let V be a compact Ka¨hler manifold and H the space of Ka¨hler potentials in a
fixed Ka¨hler class [ω0]:
H = {ϕ ∈ C∞(V ) | ωϕ = ω0 +
√−1∂∂ϕ > 0}.
The tangent space TϕH at ϕ ∈ H is identified with the set C∞(V ) of all real smooth
functions via
d
ds |s=0
(ϕ+ sψ) = ψ ∈ C∞(V ).
We have a natural Riemannian metric on H
(ψ1, ψ2) :=
∫
M
ψ1ψ2 ω
n
ϕ
where n = dimC V and ψ1, ψ2 ∈ TϕH ∼= C∞(V ). For a smooth path ϕ = {ϕt | a ≤
t ≤ b} in H, let ψ = {ψt | a ≤ t ≤ b} be a vector field along ϕ, considered as
ψt =
d
ds |s=0
(ϕt + sψt) ∈ TϕtH, a ≤ t ≤ b.
Then the covariant derivative by Levi-Civita connection is expressed as
(1)
D
∂t
ψ = ψ˙t − Re(∂ϕ˙t, ∂ψt)ωt = ψ˙t −
1
2
(dϕ˙t, dψt)ωt
where ωt = ωϕt . Thus the equation of geodesics is given by
(2) ϕ¨t − |∂ϕ˙t|2ωt = 0.
The K-energy, or Mabuchi energy, is defined by
µ(ωϕ) :=M(ωϕ, ω0) = −
∫ 1
0
(∫
V
(σωt − σ)ϕ˙ ωnt
)
dt
where ϕt := tϕ, 0 ≤ t ≤ 1, ωt = ωϕt and
σ =
∫
V
nc1(V )ω
n−1
0∫
V ω
n
0
.
The fundamental facts are the following:
• ωϕ is a critical point of µ if and only if ωϕ is a Ka¨hler metric of constant
scalar curvature.
• The Hessian of µ is positive semi-definite, so µ is a convex function.
• We have for any smooth path {ϕt}0≤t≤1
d2µ(ωt)
dt2
=
∫
V
|∂Yt|2ωt ωnt −
∫
V
(ϕ¨t − |∂ϕ˙t|2ωt)ωnt
where Yt = ω
−1
t (∂ϕ˙t). In particular, for geodesics ϕt we have
(3)
d2
dt2
µ(ωt) =
∫
V
|∂Yt|2ωt ωnt ≥ 0.
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Now we can prove the uniqueness of constant scalar curvature metrics modulo
the action of the identity component of the group of biholomorphic automorphisms
of V provided we have a geodesic joining two such metrics as follows. Suppose that
both ω0 and ω1 are Ka¨hler forms with constant scalar curvature and that we have
a geodesic ωt, 0 ≤ t ≤ 1, joining them. Then it follows from the above facts that
d2µ(ωt)
dt2
≥ 0, dµ(ωt)
dt |t=0
= 0,
dµ(ωt)
dt |t=1
= 0.
These imply dµ(ωt)dt = 0 for all t ∈ [0, 1]. But the equation (3) shows that Yt is a
holomorphic vector field and ωt is the pull-back of ω0 by an automorphism of V .
The problem is then whether we can find a geodesic in the space of Ka¨hler
metrics. The geodesic equation is reduced to a degenerate Monge-Ampe`re equa-
tion ([25]). The existence of C1,1-solution was proved by X.X. Chen [8], but C1,1
geodesics are not enough to prove uniqueness and Chen used ε-approximations of
the solutions. In the toric case, however, geodesics are obtained as a line segment
of symplectic potentials as shown by Guan [13], which is explained next.
Let V be a toric Ka¨hler manifold. Then V is a completion of (C∗)n with co-
ordinates w1, · · · , wn. Put wj = ezj and zj = xj + iθj. Let F (x) be the Ka¨hler
potential of a T n-invariant Ka¨hler metric so that
ω = igjkdz
j ∧ dzk = i
4
∂2F
∂xj∂xk
dzj ∧ dzk.
The symplectic potential G is the Legendre transform of F:
G(y) =
n∑
j=1
xj
∂F
∂xj
− F
with yj =
∂F
∂xj . There is a symmetrical relation
xj =
∂G
∂yj
, F (x) =
n∑
j=1
yj
∂G
∂yj
−G.
Thus as matrices
(
∂2F
∂xi∂xj
) = (
∂yi
∂xj
) = (
∂xi
∂yj
)−1 = (
∂2G
∂yi∂yj
)−1.
If {ωt} is a curve in the space of Ka¨hler forms and Ft is the corresponding Ka¨hler
potential then we have the t-dependent coordinates
yt =
∂Ft
∂x
on the image of the moment map. Conversely if we start from a curve Gt of sym-
plectic potential with t-independent coordinates y we have t-dependent coordinates
xt =
∂Gt
∂y
on Rn. To understand the geodesic equation better it is convenient to consider
Ft(xt) in terms of t-dependent coordinates xt and Gt(yt) in terms of yt with the
relations
(4) ytj =
∂Ft
∂xjt
, Gt(yt) =
n∑
j=1
xjt
∂Ft
∂xjt
− Ft.
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We suppress t for the notational convenience. First of all
∂G(y)
∂t
= G˙(y) +
n∑
j=1
∂G
∂yj
y˙j = G˙(y) +
n∑
j=1
xj y˙j ,
and
∂
∂t
(
n∑
j=1
xj
∂F
∂xj
− F ) =
n∑
j=1
(x˙j
∂F
∂xj
+ xj
∂F˙
∂xj
+ xj
∂2F
∂xj∂xk
x˙k − ∂F
∂xj
x˙j)− F˙
=
n∑
j=1
xj y˙j − F˙ (x).
Thus
(5) G˙(y) = −F˙ (x).
Taking the derivative of (5) we get
(6) F¨ +
n∑
j=1
∂F˙
∂xj
x˙j = −G¨+
n∑
j=1
∂G˙
∂yj
y˙j .
In what follows we omit obvious indices and sum notations. Taking the derivative
of y = ∂F∂x we have
(7) y˙ =
∂F˙
∂x
+
∂y
∂x
x˙.
Proposition 2.1. Let M be a toric Ka¨hler manifold.
(a) Let Ft(xt) and Gt(yt) be Ka¨hler and symplectic potentials of t-dependent co-
ordinates xt and yt satisfying the relations (4). Then the geodesic equations
are insensitive to t-dependent coordinates in that
(F¨ − 1
2
|dF˙ |2t )(xt) = 0
if and only if
G¨(yt) = 0.
(b) For any two Ka¨hler potential there exists a unique geodesic joining them.
In the action-angle coordinates y, θ with fixed standard symplectic form
ω =
∑n
i=1 dyi ∧ dθi the geodesic can be expressed as tG1(y) + (1− t)G0(y).
Proof. (a) It follows from (6), (7) and (5) that
(F¨ − 1
2
|dF˙ |2t )(xt) = F¨ −
∂x
∂y
∂F˙
∂x
∂F˙
∂x
= −G¨− ∂G˙
∂y
y˙ − ∂F˙
∂x
x˙− ∂x
∂y
∂F˙
∂x
∂F˙
∂x
= −G¨− ∂G˙
∂y
y˙ − ∂F˙
∂x
x˙− (∂x
∂y
y˙ − x˙)∂F˙
∂x
= −G¨− ∂G˙
∂y
y˙ − ∂F˙
∂y
y˙
= −G¨(yt).
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(b) The existence of a geodesic joining two Ka¨hler potentials can be shown as fol-
lows. We first fix t-independent coordinates x on Rn and y on the convex polytope.
Let F0(x) and F1(x) be two Ka¨hler potentials, and y0, y1, G0 and G1 be defined
by
y0 =
∂F0
∂x
, G0 = xy0 − F0 ; y1 = ∂F1
∂x
, G1 = xy1 − F1.
Put yt = ty1 + (1 − t)y0. Then yt is the moment map of the Ka¨hler potential
tF1 + (1 − t)F0 and thus gives coordinates on the image of the moment map. Put
Gt(y) = tG1(yt) + (1 − t)G0(yt). Then obviously G¨(yt) = 0, so the corresponding
Legendre transform
Ft(xt) = yt
∂Gt
∂yt
−Gt(yt)
satisfies the geodesic equation (F¨ − 12 |dF˙ |2t ))(xt) = 0. Thus we get a geodesic Ft(x)
joining F0 and F1. Notice that we inserted t-independent coordinates x in Ft so
that Ft(x) becomes a geodesic in the original sense. We could perturb yt and get
a different xt, but Ft(x) does not change because of the uniqueness of the geodesic
proved by X.-X. Chen [8]. One can argue as in [13] to show that Ft defines metrics
on the whole Ka¨hler manifold.
Taking the Legendre transform of the geodesic Ft obtained in this way one sees
that in the action-angle coordinates on the polytope (see [1]) Gt is expressed as
tG1(y) + (1− t)G0(y). 
Now we consider the case of transverse Ka¨hler structure of compact Sasaki man-
ifolds of positive basic Chern class. We begin with the study of the automorphisms
of transverse holomorphic structure.
Proposition 2.2. Let S be a compact Sasaki manifold. Then the Lie algebra of
the automorphism group of transverse holomorphic structure is the Lie algebra of
all Hamiltonian holomorphic vector fields in the sense of Definition 4.4 of [11].
Proof. Since the Reeb foliation has transverse holomorphic structure we can choose
local transverse holomorphic coordinates z1, · · · , zm. They are used as part of local
holomorphic coordinates as well as local coordinates on S. A local holomorphic
vector field of the form X i ∂∂zi is considered as a local vector field on C(S) as well
as one on S. We will denote by X˜ ′ the former and by X ′ the latter. Note that,
along {r = 1}, X ′ is the tangential part to S ∼= {r = 1} of X˜ ′.
If a vector field X˜ generates a one-parameter group of automorphisms of C(S)
which commutes with the holomorphic flow generated by ξ−iJξ then [X˜, ξ−iJξ] =
0. If we set X˜ = Y − iJY with Y the real part of X˜ then [ξ, Y ] = 0. From this
one sees [Y, Jξ] = J [Y, ξ] = 0. These mean that the holomorphic flow descends to
S and local leaf spaces, and that X˜ descends to a holomorphic vector field on each
local leaf space. This local vector field can be regarded as a local vector field X˜ ′
on C(S) as well as X ′ on S. Recall from [11] that the contact form η on S lifts to
C(S) as
η = 2dc log r = i(∂ − ∂) log r
where we use the same letter η by the abuse of notation. We then have η(X˜ ′) =
η(X ′). This is because if p : C(S) = S ×R+ → S is the projection then η on C(S)
is p∗ and X ′ = p∗X˜
′.
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Then X˜ can be expressed as
(8) X˜ = η(X˜)(ξ − iJξ) + (X˜ ′ − η(X˜ ′)(ξ − iJξ)).
Note that the right hand side is an orthogonal splitting. Taking ∂ of both sides of
(8) we get
(9) ∂η(X˜) = ∂η(X˜ ′) = ∂Bη(X
′).
Taking the tangential component to S of X˜ we obtain
X := η(X˜)ξ +X ′ − η(X ′)ξ.
Then since η(X) = η(X˜), X may be written as
X = η(X)ξ +X ′ − η(X ′)ξ.
Since η is of the form
η = dt− i∂Bf + i∂Bf
where t is the leaf coordinate with ξt = 1 and f is the Ka¨hler potenitial for the
transverse Ka¨hler form 12dη we have
dη = 2i∂B∂Bf.
Hence we get
i(X)dη = i(X ′)dη = 2i(X ′)∂Bη = −2∂B(η(X ′)) = −2∂B(η(X)).
Hence X is a Hamiltonian holomorphic vector field in the sense of Definition 4.4 of
[11]. It is easy to see that the Lie algebra consisting of all X˜ is isomorphic to the
Lie algebra consisting of all Hamiltonian holomorphic vector fields X . 
Recall that a basic function ϕ is a smooth function on S such that ξϕ = 0 where
ξ is the Reeb field. The transverse Ka¨hler form ωT is given by
ωT =
1
2
dη
where
η = 2dc log r|{r=1}∼=S = i(∂ − ∂) log r|{r=1}∼=S
and the transverse Ka¨hler deformation is given by ωT + i∂B∂Bϕ for some basic
function ϕ where ∂B and ∂B are basic ∂ and ∂-operators. The tangent space to
a transverse Ka¨hler metric is therefore the set of all basic functions ϕ. We may
define geodesics in the space of transverse Ka¨hler metrics by the equation
ϕ¨− |∂Bϕ˙|2t = 0.
We can derive the similar conclusion that if one can always find a geodesic joining
two Ka¨hler potentials one can show that the identity component of the automor-
phism group of the transverse holomorphic structure acts transitively on the space
of transverse Ka¨hler metrics of constant scalar curvature by using the principle
stated in the Appendix of [11]. In fact the corresponding equation to (3) shows
that the geodesic joining two transverse Ka¨hler metric of constant scalar curvature
is tangent to the Hamiltonian function of a Hamiltonian holomorphic vector field.
Of course since transverse Ka¨hler-Einstein metrics have constant scalar curvature
these arguments give the uniqueness of transverse Ka¨hler-Einstein metrics modulo
the action of the identity component of the automorphism group of the transverse
holomorphic structure.
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Suppose now that the compact Sasaki manifold S is toric so that the cone C(S)
is a toric Ka¨hler manifold. We may also define the covariant derivative and geodesic
equation by (1) and (2). By the above arguments we can always find a geodesic
joining two Ka¨hler potentials on C(S). The Ka¨hler form on C(S) is given by
ω =
1
2
d(r2η) =
1
2
iddcr2 =
1
2
i∂∂r2.
A function on S can be lifted to C(S) = S ×R+ and we use the same notation for
a function on S and its lift to C(S). The transverse Ka¨hler deformation is given
using a basic function ϕ by
η˜ = η + 2dcBϕ = 2d
c log(r expϕ),
and hence the Ka¨hler form ω on C(S) is deformed by
(10) ω˜ =
1
2
d(r˜2η˜) =
1
2
i∂∂(r2 exp(2ϕ)).
Let K be the space of all Ka¨hler metrics on C(S) of the form i∂∂H for some
real smooth function H on C(S), and Kω be the submanifold consisting of Ka¨hler
metrics obtained by transverse Ka¨hler deformations of the form (10).
Lemma 2.3. Kω is a totally geodesic submanifold in K.
Proof. By (10) a curve in Kω is of the form 12r2 exp(2ϕt) so that its tangent vector
is r2t ϕ˙t where we put rt = r expϕt. Similarly a vector filed along
1
2r
2 exp(2ϕt) is
of the form r2tψt for a curve ψt of basic functions. The covariant derivative of r
2
tψt
along 12r
2 exp(2ϕt) is computed by
D
dt
(r2tψt) = 2r
2
t ϕ˙tψt + r
2
t ψ˙t −
1
2
(d(r2t ϕ˙t), d(r
2
tψt))(11)
= r2t (ψ˙t −
1
2
(dθ˙t, dψt))
= r2t
D
dt
ψt
where the covariant derivative in the last term is the one for the transverse Ka¨hler
structure. This shows that the covariant derivative of a vector field in the tangent
spaces of Kω along a curve in Kω is tangent to Kω. Thus Kω is a totally geodesic
submanifold. 
Proposition 2.4. A curve i∂∂(12r
2 exp(2ϕt)) in Kω is a geodesic if and only if
ωT+i∂B∂Bϕt is a geodesic in the space of the transverse Ka¨hler metrics. Moreover,
for any given two transverse Ka¨hler metrics with the same Reeb field ξ corresponding
to toric Ka¨hler cone metrics there exists a unique geodesic joining them.
Proof. The first statement follows immediately from (11). Let ωT0 and ω
T
1 be the
transverse Ka¨hler metrics with the common Reeb field ξ corresponding to toric
Ka¨hler metrics ω0 and ω1 on C(S). Let G0 and G1 be the corresponding symplectic
potentials. We use the action-angle coordinates yi, θ
i. Since G0 and G1 have
common Reeb field ξ, g = G1 −G0 satisfies
(
m+1∑
j=1
yj
∂
∂yj
)
∂g
∂yi
= 0
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by (2.40) in [21]. Thus the geodesic tG1(y)+(1− t)G0(y) = G0+ tg joining G0 and
G1 has the same Reeb field ξ, and thus the corresponding Ka¨hler potentials define
the same transverse holomorphic structure. From the first statement it follows that
the geodesic Ft =
1
2r
2
t =
1
2r
2 exp(2ϕt) with ϕt basic smooth functions descends to
a geodesic in the space of transverse Ka¨hler metrics. 
Proof of Theorem (1.1): Let ωT0 and ω
T
1 be the transverse Ka¨hler metrics corre-
sponding to two Sasaki-Einstein metrics. As proved in [22] and [7] Lichnerowicz-
Matsushima theorem for compact Ka¨hler manifolds of constant scalar curvature
extends to compact Sasaki manifolds of constant transverse scalar curvature we
may assume that both ωT0 and ω
T
1 are invariant under the maximal compact sub-
group of the group of automorphisms of the transverse holomorphic structure. In
particular we may assume that they are invariant under the maximal torus G, and
thus we only need to consider the toric Sasaki-Eisntein metrics.
In [21] and [11] it is shown that the volume functional of Sasakian structures
depends only on the Reeb fields, that there is a unique critical Reeb field ξ which
minimizes the volume functional and that only for the critical point ξ the obstruc-
tion to the existence of transverse Ka¨hler-Einstein metric vanishes. Thus ωT0 and ω
T
1
must have a common Reeb field ξ. They can be joined by a geodesic by Proposition
2.4. We then apply the standard method known in Ka¨hler geometry as explained
above, and it follows from (3) that the geodesic is tangent to the Hamiltonian
function of a Hamiltonian holomorphic vector field. This completes the proof.
3. Toric diagrams
We begin with the definition of a good rational polyhedral cone.
Definition 3.1 (c.f. [16]). Let g∗ be the dual of the Lie algebra g of the (m + 1)
dimensional torus G. Let Zg be the integral lattice of g, that is the kernel of the
exponential map exp : g → G. A subset C ⊂ g∗ is a rational polyhedral cone if
there exists a finite set of vectors λi ∈ Zg, 1 ≤ i ≤ d, such that
C = {y ∈ g∗ | 〈y, λi〉 ≥ 0 for i = 1, · · · , d}.
We assume that the set λi is minimal in that for any j
C 6= {y ∈ g∗ | 〈y, λi〉 ≥ 0 for all i 6= j}
and that each λi is primitive, i.e. λi is not of the form λi = aµ for an integer
a ≥ 2 and µ ∈ Zg. (Thus d is the number of codimension 1 faces if C has non-
empty interior.) Under these two assumptions a rational polyhedral cone C with
nonempty interior is good if the following condition holds. If
{y ∈ C | 〈y, λij 〉 = 0 for all j = 1, · · · , k}
is a non-empty face of C for some {i1, · · · , ik} ⊂ {1, · · · , d}, then λi1 , · · · , λik are
linearly independent over Z and
(12) {
k∑
j=1
ajλij | aj ∈ R} ∩ Zg = {
k∑
j=1
mjλij | mj ∈ Z}.
Let M be a 2m+ 1-dimensional compact connected contact toric manifold with
the contact form η. Namely there is an effective action of the (m+ 1)-dimensional
torus G which preserves η. Then the moment map µ : M → g∗ is defined by
〈µ(p), X〉 = (η(XM ))(p)
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where XM denotes the the vector filed on M induced by X ∈ g. We assume
dimM = 2m+1 ≥ 5. It is well-known ([16]) that if the action of G is not free then
the image of the moment map is a good rational polyhedral cone.
Definition 3.2. An (m+1)-dimensional toric diagram with height ℓ is a collection
of λi ∈ Zm+1 ∼= Zg satisfying (12) and γ ∈ Qm+1 ∼= (Qg)∗ such that
(1) ℓ is a positive integer such that ℓγ is a primitive element of the integer
lattice Zm+1 ∼= Z∗g.
(2) 〈γ, λi〉 = −1.
We say that a good rational polyhedral cone C is associated with a toric diagram of
height ℓ if there exists a rational vector γ satisfying (1) and (2) above.
The reason why we use the terminology “height ℓ” is because of the following
proposition.
Proposition 3.3. Using a transformation by an element of SL(m+ 1,Z) we may
assume that
γ =


− 1ℓ
0
...
0


and the first component of λi is equal to ℓ for each i.
Proof. By elementary group theory there is an element A of SL(m + 1,Z) which
sends the primitive vector ℓγ in Zm+1 to t(−1, 0, · · · , 0) where the left upper t
denotes the transpose. Then Aγ = t(− 1ℓ , 0, · · · , 0). By transforming g by tA−1, the
transpose of A−1, we get
〈Aγ, tA−1λi〉 = 〈γ, λi〉 = −1.
This implies the first component of tA−1λi is ℓ. 
Before we give a proof of Theorem 1.2 we outline the proof of the following fact
(c.f. [16], [20]).
Proposition 3.4. For each pair of a good rational polyhedral cone C and an ele-
ment ξ ∈ C∗0 where
C∗0 = {ξ ∈ g | 〈v, ξ〉 > 0 for all v ∈ C}
there is a compact connected toric Sasaki manifold S whose moment map image is
equal to C\{0} and whose Reeb vector field is generated by ξ.
Outline of the proof. The construction of a contact manifold from a good rational
polyhedral cone is the so-called Delzant construction. Let e1, · · · , ed be the canon-
ical basis of Rd. Of course they generate the lattice Zd. Let βZ : Z
d → Zg ∼= Zm+1
be the homomorphism defined by
βZ(ei) = λi,
and βR : R
d → g ∼= Rm+1 be the natural linear map induced by βZ. Since C has
non-empty interior then βR is surjective, i.e. there is a subset {i1, · · · , im+1} such
that λi1 , · · · , λim+1 are linearly independent over R. Then βZ and βR naturally
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induce a homomorphism βT : T
d → G ∼= Tm+1 of the tori. Let K be the kernel of
βT . We write [a] ∈ T d for the image of a ∈ Rd. Then
K = {[a] |
d∑
i=1
aiλi ∈ Zg}.
It is a compact abelian subgroup of T d and its Lie algebra is kerβR. Note that K
is not connected in general. Let us consider the standard action of T d on Cd with
the Ka¨hler form i2
∑d
i=1 dv
i ∧ dvj by
[a] · (v1, · · · , vd) = (e2πia1v1, · · · , e2πiadvd).
Consider the action of K on Cd obtained as the restriction of the T d-action and
the moment map µK : C
d → k∗. The Ka¨hler cone manifold C(S) is obtained as the
Ka¨hler quotient
C(S) = (µ−1K (0)\{0})/K.
See [16] for more detail. The closure C(S) is obtained as
C(S) = µ−1K (0)/K
which is realized also as a normal complex analytic space via the standard method
using fans in algebraic geometry ([23]).
A Sasaki manifold S is obtained as
S = (µ−1K (0) ∩ S2d−1)/K
where S2d−1 is the standard (2d − 1)-sphere in Cd. This Sasaki metric is often
called the canonical Sasaki metric, and the symplectic potential on C(S) and the
Reeb field are respectively given by
Gcan =
1
2
d∑
i=1
li(y) log li(y),
ξcan =
d∑
i=1
λi
where li(y) = 〈λi, y〉. For a general Reeb field ξ ∈ g a symplectic potential Gcanξ on
C(S) is given by
Gcanξ (y) =
1
2
d∑
i=1
li(y) log li(y) +
1
2
lξ(y) log lξ(y)− 1
2
l∞(y) log l∞(y)
where lξ(y) = 〈ξ, y〉 and l∞ = 〈ξcan, y〉, see [20] for more detail. The corresponding
Ka¨hler potential F canξ , computed by the Legendre transform, is given by
F canξ =
1
2
lξ(y),
see (61) in [11]. Since the Ka¨hler potential is equal to 12r
2 then r2 = lξ(y) and the
Sasakian structure is determined via the identification S ∼= {lξ(y) = 1} ⊂ C(S). 
Proof of Theorem 1.2 : First we prove that (a) implies (b). Suppose cB1 > 0 and
c1(D) = 0. By our assumption (m + 1)-dimensional torus G acts on S preserving
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the Sasakian structure. By Proposition 4.3 in [11] we can then choose a G-invariant
transverse Ka¨hler form ωT such that
cB1 = (2m+ 2)[ω
T ].
Let ρT be the Ricci form of ωT . Note that ωT and ρT are defined on each local leaf
spaces of the Reeb foliation, but they can be lifted to S to define global 2-forms on
S. There exists a basic G-invariant smooth function h on S such that
(13) ρT = (2m+ 2)ωT + i∂B∂Bh
on S. By an elementary curvature computation in Sasakian geometry the equation
(13) is equivalent to
(14) ρ = −i∂∂ log det(Fij) = i∂∂h
on C(S) where h is pulled back to C(S) ∼= R+ × S so that h satisfies
(15) r
r
∂r
h = ξh = 0
and where F is the Ka¨hler potential on C(S), (ex
0+iθ0 , · · · , exm+iθm) is the coordi-
nates of GC ∼= (C∗)m+1 and
Fij =
∂2F
∂xi∂xj
.
Note that since F is G-invariant it is independent of θi’s. Since any G-invariant
pluriharmonic function on C(S) is an affine function then there exists a γ ∈ g∗ such
that
(16) log det(Fij) = −2
m∑
i=0
γix
i − h
by replacing h+ constant by h. Using the Legendre transform G of F we get
(17) log det(Gij) = 2
m∑
i=0
γiGi + h.
Using Abreu-Guillemin arguments about the boundary behavior of G it is shown
in [20] that
(18) 〈λj , γ〉 = −1 for j = 1, · · · , d.
Since the moment map image has non-empty interior there are (m + 1) vectors
λj1 , · · · , λjm+1 linearly independent over R. Hence one can consider γ as a solution
to the linear equations
〈λji , γ〉 = −1 for i = 1, · · · ,m+ 1
and sees that γ ∈ Qm+1
g∗
. Choosing a positive integer ℓ such that ℓγ is a primitive
element of the integer lattice. Since η(ξ) = 1 and the moment map on C(S) is
given by 12r
2η we have 〈y, ξ〉 > 0 for all y ∈ C. It is also shown in [20] that
〈γ, ξ〉 = −m− 1. This proves that (a) implies (b).
Next we prove that (b) implies (c). Return to the Delzant construction in the
proof of Proposition 3.4. One sees that µ−1K (0) is given by
µ−1K (0) = {v ∈ Cd |
d∑
i=1
bi|vi|2 = 0 for all b ∈ k ⊂ Rd}.
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By Proposition 3.3 we may assume that the first component of λi is ℓ for each i.
Recall that
d∑
i=1
aiλi ∈ Zm+1
for all [a] ∈ K. Looking at the first component we get
ℓ(a1 + · · ·+ ad) ∈ Z
for all [a] ∈ K. Thus
(e2πi(a1+···+ad)dv1 ∧ · · · ∧ dvd)⊗ℓ = (dv1 ∧ · · · ∧ dvd)⊗ℓ.
Let b1, · · · ,bd−m−1 be a basis of k, and put bi = (bi1, · · · , bid) and
Xi =
d∑
j=1
bij
∂
∂vj
.
Then
(19) (i(X1) · · · i(Xd−m−1)dv1 ∧ · · · ∧ dvd)⊗ℓ
descends to a nowhere zero section of K⊗ℓC(S). Hence K
⊗ℓ
C(S) is a trivial line bundle.
This proves that (d) implies (c). Note that this proof shows the section (19) extends
to the apex of C(S), as a token of Q-Gorenstein property (c.f. Remark 1.3).
We now prove that (c) implies (a). Suppose we are given a G-invariant Sasakian
structure with Reeb field ξ and with trivial line bundle K⊗ℓC(S). Thus we have a
G-invariant Ka¨hler metric ω and a nowhere vanishing holomorphic section Ω1 of
K⊗ℓC(S). Let h1 be defined by
h1 =
1
ℓ
log ||Ω1||2
where the norm of Ω1 is taken with respect to ω. Then the Ricci form ρ of ω is
written as
(20) ρ =
1
2π
∂∂h1
Let h be the average of h1 by the action of G. Since ρ is G-invariant we see from
(20) that
(21) ρ =
i
2π
∂∂h.
Starting from (14) which is identical to (21) we get (16) and (17) (though we do
not have (15)). Then it is shown in [20] that
(22) 〈ξ, γ〉 = −(m+ 1).
The equation (16) says that eh det(Fij) is a flat metric on C(S). Consider the
(m+ 1)-form Ω written as
Ω = e−i
Pm
i=0 γiθ
i
e
h
2 (det(Fij))
1
2 dz0 ∧ · · · ∧ dzm(23)
= e−
Pm
i=0 γiz
i
dz0 ∧ · · · ∧ dzm
where we used (16). Then Ω is multi-valued if γ is not integral but only rational.
Let ℓ1 be the positive integer such that ℓ1γ is a primitive element of the integer
lattice. Then Ω⊗ℓ1 is a holomorphic section ofK⊗ℓ1C(S over the open set corresponding
14
to the interior of the moment map image. But since ||Ω⊗ℓ1 || = 1 we see that Ω⊗ℓ1
extends to the whole C(S). We further have
(24) LξΩ = (m+ 1)iΩ
and
(25)
(
i
2
)m+1
(−1)m(m+1)/2Ω ∧ Ω = exp(h) 1
(m+ 1)!
ωm+1.
Since ξ is decomposed into the holomorphic and the anti-holomorphic parts
ξ =
1
2
(ξ − iJξ) + 1
2
(ξ + iJξ)
with Jξ = −r ∂∂r we have
LξΩ = L 1
2
(ξ+ir ∂
∂r
)Ω
=
(m+ 1)i
2
Ω +
i
2
Lr ∂
∂r
Ω.
From this and (24) it follows that
Lr ∂
∂r
Ω = (m+ 1)Ω
and
Lr ∂
∂r
(Ω ∧ Ω) = 2(m+ 1)Ω ∧ Ω.
On the other hand since ω = i∂∂(r2/2) we have
Lr ∂
∂r
ωm+1 = 2(m+ 1)ωm+1.
Taking the Lie derivative of both sides of (25) by r ∂∂r we get
r
∂h
∂r
= 0.
Since h is G-invariant we also have ξh = 0. Hence (25) implies [ρT ] = (2m +
2)[ωT ] as basic cohomology classes, from which we get cB1 > 0 and c1(D) = 0 by
Proposition 4.3 in [11]. This completes the proof of Theorem 1.2.
4. Examples and remarks on the fundamental groups
As is mentioned in the introduction there are examples of 3 dimensional toric
diagrams of height 1 denoted by Xp,q, Y p,q, Zp,q and Lp,q,r known in physics
literature and all the corresponding Sasaki manifolds have Sasaki-Einstein metrics
by the existence result of [11]. To check that these toric diagrams satisfy the
goodness condition of Definition 3.2 the following proposition is useful.
Proposition 4.1. Let C be a convex polyhedral cone in R3 given by
C = {y ∈ R3 | 〈y, λi〉 ≥ 0, j = 1, · · · , d}
with
λ1 =

 1p1
q1

 , · · · , λd =

 1pd
qd

 .
Then C is good in the sense of Definition 3.2 if and only if either
(i) |pi+1 − pi| = 1 or |qi+1 − qi| = 1
or
(ii) pi+1 − pi and qi+1 − qi are relatively prime non-zero integers
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for i = 1, · · · , d where we have put λd+1 = λ1.
Further the area of the 2-dimensional convex polytope formed by(
p1
q1
)
, · · · ,
(
pd
qd
)
,
(
p1
q1
)
is an invariant of the equivalent classes given by the action of some element of
SL(3,Z) on the set of all such diagrams.
Proof. Let a1 and a2 be real numbers such that a1λi + a2λi+1 ∈ Z3. Then we have
(26) a1 + a2 ∈ Z, pia1 + pi+1a2 ∈ Z, qia1 + qi+1a2 ∈ Z.
It follows from these that
(27) (pi+1 − pi)a2 ∈ Z, (qi+1 − qi)a2 ∈ Z.
If (pi+1 − pi) and (qi+1 − qi) satisfy (i) or (ii) then there exist s, t ∈ Z such that
s(pi+1 − pi) + t(qi+1 − qi) = 1. Then from (27) we get a2 ∈ Z. From (26) we also
have a1 ∈ Z. Conversely if a2 satisfying (27) is always in Z then (pi+1 − pi) and
(qi+1 − qi) are relatively prime.
If a diagram of the first variable 1 is transformed to another by an element of
SL(3,Z) then the volume of the 3-dimensional truncated cone
{a1λ1 + · · ·+ adλd | 0 ≤ a1 ≤ 1, · · · , 0 ≤ ad ≤ 1, 0 ≤ a1 + · · ·+ ad ≤ 1}
is invariant. But this is equal to one thirds of the area described in the statement
of the proposition. This completes the proof of Proposition 4.1. 
We give a simplest toric diagram of hight ℓ. Let C be the convex polyhedral
cone defined by
C = {y ∈ R3 | 〈y, λi〉 ≥ 0, j = 1, 2, 3}
with
λ1 =

 10
0

 , λ2 =

 01
0

 , λ3 =

 11
ℓ

 .
Then this is a good cone and defines a smooth Sasaki manifold. One can show that
γ =

 −1−1
1
ℓ

 .
Taking
A =

 0 0 −1−1 1 0
1 0 ℓ


we have
Aγ =

 − 1ℓ0
0

 , tA−1λ1 =

 ℓ0
1

 , tA−1λ2 =

 ℓ1
1

 , tA−1λ3 =

 ℓ1
2

 .
By following the Delzant construction one sees that the resulting Sasaki manifold
is the Lens space S5/Zℓ.
Next let C be the convex polyhedral cone defined by
C = {y ∈ R3 | 〈y, λi〉 ≥ 0, j = 1, 2, 3, 4}
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with
λ1 =

 10
0

 , λ2 =

 01
0

 , λ3 =

 11
ℓ

 , λ4 =

 11
ℓ− 1

 .
Then this is a good cone and defines a smooth Sasaki manifold. The resulting
Sasaki manifold does not satisfy the conditions of Theorem 1.2 because there is no
γ with 〈γ, λj〉 = −1 for j = 1, 2, 3, 4.
One can show that if ℓ > 1 then the resulting Sasaki manifold S is not simply
connected. This follows from a result of Lerman [17] which is stated as follows. Let
L be the subgroup of Zg generated by λ1, · · · , λd. Then π1(S) ∼= Zg/L. Obviously
Zg/L is not trivial if ℓ > 1. Thus we proved the following.
Proposition 4.2. Let S be a compact connected toric Sasaki manifold associated
with a toric diagram of height ℓ > 1. Then S is not simply connected.
Note that the converse is not true as the following example shows. Consider the
toric diagram with height 1 defined by the three normal vectors
λ1 =

 10
0

 , λ2 =

 12
1

 , λ3 =

 13
4

 .
The resulting Sasaki manifold is the Lense space with a different Z5-action from
the above example with ℓ = 5. Note also for example Y p,q is not simply connected
unless p and q are relatively prime.
Proof of Theorem 1.5 : Put n = k + 3. We construct diagrams of height 1 with
either |pi+1 − pi| = 1 or |qi+1 − qi| = 1 such that (p1, q1), · · · , (pn, qn), (p1, q1)
form a convex polytope with n vertices and that they generate Z2. Then S is
simply connected since L = Z3. By another theorem of Lerman [17] we know that
b2(S) = n − 3 = k. It follows from the classification of five dimensional simply
connected spin manifolds with T 3-action ([6]) that S = S5♯k(S2 × S5).
There are many ways to construct such examples. For instance if k = 2r so that
n = 2r + 3 then take (
p0
q0
)
=
(
0
0
)
,
(
p1
q1
)
=
(
1
1
)
,
· · · ,
(
pr
qr
)
=
(
r
r(r+1)
2
)
,
(
pr+1
qr+1
)
=
(
r + 1
(r+1)(r+2)
2 + s
)
,
(
pr+2
qr+2
)
=
(
r
(r+1)(r+2)
2 + s− 1
)
, · · · ,
(
p2r+1
q2r+1
)
=
(
1
(r+1)(r+2)
2 + s− r(r+1)2
)
,
(
p2r+2
q2r+2
)
=
(
0
1
)
.
For different values of s they give inequivalent toric diagrams because they have
different areas. If k = 2r − 1 so that n = 2r + 2 then take(
p0
q0
)
=
(
0
0
)
,
(
p1
q1
)
=
(
1
1
)
,
(
p2
q2
)
=
(
2
3
)
,
· · · ,
(
pr−1
qr−1
)
=
(
r − 1
(r−1)r
2
)
,
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(
pr
qr
)
=
(
r
r(r+1)
2 + s
)
,
(
pr+1
qr+1
)
=
(
0
(r)(r+1)
2 + s+ 1
)
,
(
pr+3
qr+3
)
=
( −r
r(r+1)
2 + s
)
,
(
pr+4
qr+4
)
=
( −(r − 1)
(r−1)r
2
)
,
· · · ,
(
p2r
q2r
)
=
( −2
3
)(
p2r+1
q2r+1
)
=
( −1
0
)
.
Then again different values of s give inequivalent diagrams. This completes the
proof of Theorem 1.5.
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